We extensively re-analyze effects of a long-lived negatively charged massive particle, i.e., X − , on big bang nucleosynthesis (BBN). The BBN model with the X − particle was originally motivated by the discrepancy between 6,7 Li abundances predicted in standard BBN model and those inferred from spectroscopic observations of metal-poor stars. We reanalyze this model based upon revised upper limits to the observed primordial 6 Li abundance. Even with new constraints on 6 Li this model remains as a possible solution to the 7 Li problem as 7 Be is destroyed via the recombination with X − followed by radiative proton capture. We also make a new detailed study of the X − reactions. First, we study the effects of uncertainties in nuclear charge distributions for X-nuclei in BBN. We show that different charge distributions can result in resonant nuclear reaction rates that differ by significant factors through changes in resonance energy heights. Second, we calculate precise rates for the radiative recombinations of 7 Be, 7 Li, 9 Be, and 4 He with X − . We calculate nonresonant rates taking account of respective partial waves of scattering states and respective bound states. It is found that the finite sizes of nuclear charge distributions cause deviations in bound and continuum wave functions from those derived assuming that nuclei are point charges. We find that for a heavy X − mass, mX > ∼ 100 GeV, the d-wave → 2P transition is the most important recombination reaction for 7 Li and 7,9 Be with an X − particle. This fact is completely different from the case of hydrogenlike electronic ions. As for 7 Be and 7 Li, bound states of the nuclear first excited states ( 7 Be * and 7 Li * ) with X − can operate as effective resonances. The resonant reaction rates are then calculated. Our precise nonresonant rate of the 7 Be recombination for mX = 1000 GeV is more than 6 times larger than the existing rate. This improvement leads to a significantly better constraint on the X − properties from BBN. Third, we suggest a new reaction for 9 Be production: the radiative recombination of 7 Li and X − followed by the deuteron capture. This reaction can enhance the primordial 9 Be abundance which may be detectable in future observations of metal-poor stars. We derive binding energies and mass excesses of X-nuclei, and rates and Q-values for β-decays and nuclear reactions involving the X − particle. We then calculate BBN and find that amounts of 7 Be destruction depend significantly on the assumed charge distribution of the 7 Be nucleus. Finally, the most realistic constraints on the initial abundance and the lifetime of the X − are deduced. Parameter regions for the solution to the 7 Li problem are derived, and primordial 9 Be abundances in the parameter regions are also predicted. In addition, we suggest that exotic atoms composed of nuclei and a heavy X − can generally have large rates for E1 transitions which simultaneously change nuclear and atomic states.
I. INTRODUCTION
Standard big bang nucleosynthesis (SBBN) is an important probe of the early universe. This model explains the primordial light element abundances inferred from astronomical observations except for the 7 Li abundance. Additional nonstandard effects during big bang nucleosynthesis (BBN) may be required to explain the 7 Li discrepancy. However, such models are strongly constrained from the consistency in the other elemental abundances. In this paper we re-examine in detail one intriguing so-lution to the 7 Li problem, that due to a late-decaying negatively charged particle (possibly the stau as the next to lightest supersymmetric particle) denoted as the X − . In previous work [58] we showed that both decrease in 7 Li and increase in 6 Li abundances are possible in this model. Recently, however, the primordial 6 Li abundance has been revised downward [33] , and there is now only an upper limit. Hence, it is necessary to re-evaluate the X − solution in light of these new measurements. We show that this remains a viable model for 7 Li reduction without violating the new 6 Li upper limit.
A. Primordial Li Observations
The primordial lithium abundance is inferred from spectroscopic measurements of metal-poor stars (MPSs). These stars have a roughly constant abundance ratio, 7 Li/H= (1 − 2) × 10 −10 , as a function of metallicity [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . The SBBN model, however, predicts a value that is higher by about a factor of 3 − 4 (e.g., 7 Li/H=5.24 × 10 −10 [114] ) than the observational value when one uses the baryon-to-photon ratio determined in the ΛCDM model from an analysis of the power spectrum of the cosmic microwave background (CMB) radiation from the Wilkinson Microwave Anisotropy Probe [15, 112] or the Planck data [117] ). This discrepancy suggests the need for a mechanism to reduce the 7 Li abundance during or after BBN. Astrophysical processes such as the rotationally induced mixing [16, 17] , and the combination of atomic and turbulent diffusion [18] [19] [20] might have reduced the 7 Li abundance in stellar atmospheres although this possibility is constrained by the very narrow dispersion in observed Li abundances.
In previous work the 6 Li/ 7 Li isotopic ratios for MPSs have also been measured and 6 Li detections have been reported for the halo turnoff star HD 84937 [21] [22] [23] , the two Galactic disk stars HD 68284 and HD 130551 [24] , and other stars [4, [25] [26] [27] [28] [29] . A large 6 Li abundance of 6 Li/H∼ 6 × 10 −12 has then been suggested [4] . That abundance is ∼1000 times higher than the SBBN prediction, and is also significantly higher than the prediction from a standard Galactic cosmic-ray nucleosynthesis model (cf. [30, 31] ). It has been noted for some time, however, [32, 34] that convective motion in stellar atmospheres could cause systematic asymmetries in the observed atomic line profiles and mimic the presence of 6 Li [32] . Indeed, in a subsequent detailed analyses, Lind et al. [33] found that most of the previous 6 Li absorption feature could be attributed to a combination of 3D turbulence and nonlocal thermal equilibrium (NLTE) effects in the model atmosphere. For the present purposes, therefore, we adopt the 2σ from their G64-12 NLTE model with 5 parameters, corresponding to 6 Li/H= (0.85 ± 4.33) × 10 −12 . Abundances of 9 Be [35] [36] [37] [38] [39] [40] and B [41] [42] [43] [44] in MPSs have also been measured. The observed abundances linearly scale with Fe abundances. The linear relation between abundances of light elements and Fe is expected in Galactic cosmic-ray nucleosynthesis models [31, [45] [46] [47] . Any primordial abundances, on the other hand, should be observed as plateau abundances as in the Li case. Be and B in the observed MPSs are not expected to be primordial. Nonetheless, primordial abundances of Be and B may be found by future observations. The strongest lower limit on the primordial Be abundance at present is log(Be/H)< −14 which has been derived from an observation of carbon-enhanced MPS BD+44
• 493 of an iron abundance [Fe/H]= −3.7 [118] with Subaru/HDS [48] .
As one of the solutions to the lithium problem, effects of negatively charged massive particles (CHAMPs or Cahn-Glashow particles) X − [49] [50] [51] during the BBN epoch have been studied . Constraints on supersymmetric models have been derived through BBN calculations [54, 62, 63, 66, 67, 74] . In addition, cosmological effects of fractionally charged massive particles (FCHAMPs) have been studied although the nucleosynthesis has not yet been studied [75] .
Such long-lived CHAMPs and FCHAMPs which are also called heavy stable charged particles (HSCPs) appear in theories beyond the standard model, and have been searched in collider experiments. Although the particles should leave characteristic tracks of long timeof-flights due to small velocities, and anomalous energy losses, they have never been detected. The most stringent limit on scaler τ leptons (staus) has been derived using data collected with the Compact Muon Solenoid detector for pp collisions at the Large Hadron Collider during the 2011 ( s = 7 TeV, 5.0 fb −1 ) and 2012 ( s = 8 TeV, 18.8 fb −1 ) data taking period. The limit excludes stau mass below 500 GeV for the direct+indirect production model [76] . The limit on FCHAMPs with spin 1/2 that are neutral under SU (3) C and SU (2) L has also been derived from Compact Muon Solenoid searches. It excludes the masses less than 310 GeV for charge number q = 2/3, and masses less than 140 GeV for q = 1/3 [77] .
The X − particles and nuclei A can form new bound atomic systems (A X or X-nuclei) with binding energies ∼ O(0.1−1) MeV in the limit that the mass of X − , m X , is much larger than the nucleon mass [49, 58] . The X-nuclei are exotic chemical species with very heavy masses and chemical properties similar to normal atoms and ions. The superheavy stable (long-lived) particles have been searched for in experiments, and multiple constraints on respective X-nuclei have been derived. The spectroscopy of terrestrial water gives a limit on the number ratio of X/H< 10 −28 − 10 −29 for m X = 11 − 1100 GeV [78] while that of sea water gives the limits of X/H< 4 × 10 −17 for m X = 5 − 1500 GeV [79] and X/H< 6 × 10 −15 for m X = 10 4 − 10 7 GeV [80] . Limits have been derived from analyses of other material, (1) X/(Na/23)< 5 × 10 −12 for m X = 10 2 − 10 5 GeV [81] , (2) X/(C/12)< 2 × 10 −15 for m X ≤ 10 5 GeV [82] , and (3) X/(Pb/200)< 1.5×10 −13 for m X ≤ 10 5 GeV [83] . Furthermore, limits from analyses of H, Li, Be, B, C, O and F have been derived for m X = 10 2 − 10 4 GeV using commercial gases, lake and deep see water deuterium, plant 13 C, commercial 18 O, and reagent grade samples of Li, Be, B, and F [84] .
If the X − particle exits during the BBN epoch, it opens new pathways of atomic and nuclear reactions and affects the resultant nucleosynthesis . As the temperature of the universe decreases, positively charged nuclides gradually become electromagnetically bound to X − 's. Heavier nuclei with larger mass and charge numbers recombine earlier since their binding energies are larger [49, 58] . The formation of most X-nuclei proceeds through radiative recombination of nuclides A and X − [50, 51] . However, the 7 Be X formation proceeds also through the non-radiative 7 Be charge exchange reaction between a 7 Be 3+ ion and an X − [85] . The recombination of 7 Be with X − occurs in a higher temperature environment than that of lighter nuclides does. At 7 Be recombination, therefore, the thermal abundance of free electrons e − is still very high, and abundant 7 Be 3+ ions can exist. The charge exchange reaction then only affects the 7 Be abundance.
Because of relatively small binding energies, the bound states cannot form until late in the BBN epoch. At the low temperatures, nuclear reactions are already inefficient. Hence, the effect of the X − particles is not large. However, the X − particle can cause efficient production of 6 Li [52] with the weak destruction of 7 Be [56, 57] depending on its abundance and lifetime [56, 58, 69] . The 6 Li abundance can significantly increase through the X − -catalyzed transfer reaction 4 He X (d, X − ) 6 Li [52] , where 1(2,3)4 signifies a reaction 1+2 → 3+4. The cross section of the reaction is six orders of magnitude larger than that of the radiative 4 He(d,γ) 6 Li reaction through which 6 Li is produced in SBBN model [55] . Other transfer reactions such as 4 He X (t,X − ) 7 Li, 4 He X ( 3 He,X − ) 7 Be, and 6 Li X (p,X − ) 7 Be are also possible [54] . Their rates are, however, not so large as that of the 4 He X (d,X − ) 6 Li since the former reactions involve a ∆l = 1 angular momentum transfer and consequently a large hindrance of the nuclear matrix element [60] .
The most important reaction for a reduction of the primordial [57] . From a realistic estimate of binding energies of X-nuclei, however, the latter resonance has been found to be an inefficient pathway for 7 Be X destruction [58] . The 8 Be X +p → 9 B * a X → 9 B X +γ reaction through the 9 B * a X atomic excited state of 9 B X [58] produces the A=9 X-nucleus so that it can possibly lead to the production of heavier nuclei. This reaction, however, is not operative because of its large resonance energy [58] .
The resonant reaction 8 Be X (n, X − ) 9 Be through the atomic ground state of 9 Be * (1/2 + , 1.684 MeV) X , is another reaction producing mass number 9 nuclide [61] . Kamimura et al. [60] , however, adopted a realistic root mean square charge radius for 8 Be of 3.39 fm, and found that 9 Be * (1/2 + , 1.684 MeV) X is not a resonance but a bound state located below the 8 Be X +n threshold. A subsequent four-body calculation for an α + α + n + X − system confirmed that the 9 Be * (1/2 + , 1.684 MeV) X state is located below the threshold [68] . This was also confirmed by Cyburt et al. [72] using a three-body model. The effect of the resonant reaction is, therefore, negligible. The detailed BBN calculations of Kusakabe et al. [58, 69] precisely incorporate recombination reactions of nuclides and X − particles, nuclear reactions of X-nuclei, and their inverse reactions. These calculations have also included reaction rates estimated in a rigorous quantum few-body model [55, 60] . The most realistic calculation [69] shows no significant production of 9 Be and heavier nuclides.
Reactions of neutral X-nuclei, i.e., p X , d X and t X can produce and destroy Li and Be [59] . The rates for these reactions and the charge-exchange reactions p X (α,p)α X , d X (α,d)α X and t X (α,t)α X have been calculated in a rigorous quantum few-body model [60] . The cross sections for the charge-exchange reactions are much larger than those of the nuclear reactions so that the neutral X-nuclei p X , d X and t X are quickly converted to α X before they induce nuclear reactions. The production and destruction of Li and Be is not significantly affected by the presence of neutral X-nuclei [60] . This was confirmed in a detailed nuclear reaction network calculation [69] .
In this paper we present an extensive study on effects of a CHAMP, X − , on BBN. First, we study the effects of theoretical uncertainties in the nuclear charge distributions on the binding energies of nuclei and the X − , reaction rates, and BBN. Next, we derive the most precise radiative recombination rates for 7 Be, 7 Li, 9 Be, and 4 He with an X − . Finally, we suggest a new reaction for 9 Be production, i.e. 7 Li X (d, X − ) 9 Be. Based upon our updated BBN calculation, it is found that the amount of 7 Be destruction depends significantly upon the assumed charge density for the 7 Be nucleus. The most realistic constraints on the initial abundance and the lifetime of the X − are then derived, and the primordial 9 Be abundance is also estimated.
In Sec. II, models for the nuclear charge density are described. In Sec. III, binding energies of the X-nuclei are calculated with both of a variational method and the integration of the Schödinger equation, for different charge densities. In Sec. IV, reaction rates are calculated for the radiative proton capture of the 7 Be X (p, γ) 8 B X and 8 Be X (p, γ) 9 B X reactions. Theoretical uncertainties in the rates due to the assumed charge density shapes are deduced. In Sec. V, rates for the radiative recombination of 7 Be, 7 Li, 9 Be, and 4 He with X − particles are calculated. Both nonresonant and resonant rates are derived. The difference of the recombination rate for X − particles compared to that for electrons is shown. In Sec. VI, a new reaction for 9 Be production is pointed out. It is the radiative recombination of 7 Li and an X − followed by deuteron capture. In Sec. VII, the rates and Q-values for β-decays and nuclear reactions involving the X − particle are derived. In Sec. VIII, a new reaction network calculation code is explained. In Sec. IX, we show the evolution of elemental abundances as a function of cosmic temperature, and derive the most realistic constraints on the initial abundance and the lifetime of the X − . Parameter regions for the solution to the 7 Li problem, and the prediction of primordial 9 Be are presented. Sec. X is devoted to a summary and conclusions. In Appendix , we comment on the electric dipole transitions of X-nuclei which change nuclear and atomic states simultaneously. [120] II. NUCLEAR CHARGE DENSITY
We assume that a negatively charged massive particle (CHAMP) with a single charge and spin zero, X − , exists during the BBN epoch. We derive general constraints depending upon the mass of the X − , i.e., m X . The mass is treated as one parameter. Although the existence of very light CHAMPs is excluded by searches in collider experiments, their existence during the BBN epoch is also considered in this paper taking account of unknown mechanisms such as the time evolution of the mass of the X − . In order to estimate possible uncertainties in the binding energies of nuclei and X − particles which are associated with the nuclear charge density, we use three different shapes for the charge density. The first is a Woods-Saxon shape:
where r ′ is the distance from the center of mass of the nucleus, Ze is the charge of the nucleus, R is the parameter characterizing the nuclear size, a is nuclear surface diffuseness, and C WS is a normalization constant. The C WS value is fixed by the equation of charge conservation, Ze = ρ WS dr ′ , and it is given by
For a given value of diffuseness a, R can be constrained so that the parameter set of (a, R) satisfies the root-meansquare (RMS) charge radius r 2 C measured in nuclear experiments.
The potential between an X − and a nucleus A (XA potential) is calculated by folding the Coulomb potential with the charge density:
where r is the position vector from an X − to the center of mass of A, r ′ is the position vector from the center of mass of A, x = r + r ′ is the displacement vector between the X − and the position, and ρ(r ′ ) is the charge density of the nucleus. The charge density could be distorted from the density of normal nucleus by the potential of an X − . The distortion effect, however, is relatively small because of the weak Coulomb potential. Hence, we neglect it in this study. Under the assumption of a Woods-Saxon charge distribution ρ WS (r ′ ), the potential reduces to the form
The second charge density adopted in this study is a Gaussian shape described by
where the range parameter is related to the RMS charge radius by b = (2/3) 1/2 r 2 C 1/2 . The XA potential is given by
where
The third charge density is a square well given by
where H(x) is the Heaviside step function, and the surface radius is related to the RMS charge radius by r 0 = (5/3) 1/2 r 2 C 1/2 . The XA potential is then given by
We adopt the same central values and error bars for experimental RMS charge radii as listed in Ref. [58] .
III. BINDING ENERGY
Binding energies and wave functions for bound states of nuclei A + X − , i.e., denoted X-nuclei or A X , are calculated for four different X-particle masses: m X =1, 10, 100, and 1000 GeV. We performed both numerical integrations of the Schrödinger equation with RAD-CAP [86] [121] and variational calculations with the Gaussian expansion method [87] . It was confirmed that binding energies derived with the two methods generally agree with each others within ∼1 %. Table I shows calculated binding energies of ground state (GS) X-nuclides for m X = 100 TeV. This mass is chosen as one example in which the X − particle is much heavier than the lighter nuclei. Hence, the reduced mass of the A + X − system is given by µ = m A m X /(m A + m X ) → m A , where m A is the mass of nuclide A. Results for three different nuclear charge distributions, i.e., Gaussian (second column), homogeneous (third column), and Woods-Saxon (WS) with three values for the diffuseness parameter a = 0.45 fm (WS45; fourth column), 0.4 fm (WS40; fifth), and 0.35 fm (WS35; sixth) are shown. We have chosen the values for the diffuseness parameter a since larger a values do not lead simultaneous solutions of R that reproduce the RMS charge radii for all nuclides.
Binding energies of the first atomic excited states, 8 B * a X and 9 B * a X , are also shown since they are important in resonant reactions through the atomic excited states that result in 7 Be X destruction and 9 B X production. The superscript * a indicates an atomic excited state, that is different from a nuclear excited state indicated by a superscript * . Binding energies of the first atomic excited states are, therefore, also calculated. Binding energies for the Gaussian charge distribution are the largest. Those for a homogeneous distribution are the smallest, while those for the WS distribution are intermediate. In addition, with a larger diffuseness parameter, the binding energies are larger. The reason for this ordering of binding energies is as follows. The five cases are arranged as: 1) Gaussian; 2) WS with a large a value; 3) an intermediate a value; 4) a small a value; and 5) the homogeneous distribution. These are listed in descending order of nuclear charge density at small radii r. When the charge density at small r is relatively large, the Coulomb potential between A and X − is large. Then, large values for the binding energies are derived. It is noted that in all cases, the amplitudes of the Coulomb potentials are smaller than those for two point charges. This is because of the finite size of charge distribution of the nucleus A. Binding energies are, therefore, smaller than those in the Bohr's atomic model. Table II shows calculated binding energies of GS Xnuclides and the first atomic excited states of 8 B * a X and 9 B * a X in the WS40 model, for m X = 1 GeV (second column), 10 GeV (third column), 100 GeV (fourth column), and 1000 GeV (fifth column). The WS charge distribution with a diffuseness parameter of a=0.4 fm is taken as our primary model in this paper. When m X is larger, the reduced mass µ = m A m X /(m A + m X ) is larger. Binding energies are then larger. However, the binding energies for m X = 100 GeV and 1000 GeV do not differ from each other since the reduce masses in both cases is already near the limiting value of µ = m A m X /(m A + m X ) → m A . Figure 1 shows binding energies of GS X-nuclides and the first atomic excited states of 8 B * a X and 9 B * a X in the five models of nuclear charge distribution for m X = 100 TeV. As the nuclear mass increases, the nuclear charge number and the reduced mass become larger. Therefore, heavier 9 B X (Q = 0.33 MeV). These reactions are also exceptional because the resonant components in their reaction rates can be dominant. For the reason described above, we adopted data calculated for the WS40 model, such as nuclear masses, reaction rates, coefficients for reverse reactions, and Q-values. Only data for the reactions 7 Be X (p, γ) 8 B X and 8 Be X (p, γ) 9 B X are calculated for three models of charge distribution, i.e., Gaussian, WS, and homogeneous types. In the limit that the mass of the X − particle is much larger than that of light nuclides ∼ O(1 GeV), reaction rates of the radiative neutron capture are very small. This is because the electric multipole moments approach zero in this limit, and the electric matrix elements are very small. This situation is similar to the case of the long-lived strongly interacting massive particle X 0 [88] . Then, we assume that rates of radiative neutron capture reactions are vanishingly small in this study. This is different from the assumption in Ref. [58, 69] . Figure 2 shows binding energies of GS X-nuclides and the first atomic excited states, 8 ration channels, 7 Be X +p and 8 Be X +p. Binding energies are larger when the value of m X is larger, and they approach the asymptotic value in the limit of µ → m A . Maxima are observed in the curves of E r ( 8 B * a X ) and E r ( 9 B * a X ) at m X < ∼ 10 GeV. The resonance energies increase with increasing m X in the mass region of m X < ∼ 10 GeV, while they are approximately saturated in the region of m X > ∼ 10 GeV. Since rates of the resonant reactions are sensitive to the resonance energy heights, results of BBN including the existence of X − significantly depend on the mass m X , as described below. Open circles show binding energies of E B ( X for the case of m X = 1000 GeV with nuclear charge distribution models of Gaussian (dashed lines), WS40 (solid lines), and homogeneous (dot-dashed lines). There are differences between the three lines for GS 8 B X and 9 B X although they are relatively small. On the other hand, differences are hardly seen for the excited states. Shapes of the charge distribution predominantly affects the Coulomb potentials at small r values. When angular momentum exists such as in the l = 1 excited states of 8 B * a X and 9 B * a X , however, the effect of the centrifugal potential l(l + 1)/2µr 2 is significant. The effect of the nuclear charge distribution is, therefore, most important for GS X-nuclei whose amplitudes of wave functions at small r is larger than those of the excited states. The Gaussian type has the largest Coulomb potential, the WS type has the second largest, and the homogeneous type the smallest. Because of the Coulomb attractive force, the wave functions in the Gaussian model are located in a region of smaller r than those in other models, while those in the homogeneous case are the most extended radially.
IV. RESONANT PROTON CAPTURE REACTIONS
Two important resonant reactions are 
where (2P) indicates the atomic 2P state, and m(A) and m(A X ) are masses of nucleus A and X-nucleus A X , respectively. Resonant rates for these radiative capture reactions can be calculated as follows. The thermal reaction rate is derived as a function of temperature T by numerically integrating the cross section over energy,
where E is the center of mass kinetic energy, and σ(E) is the reaction cross section as a function of E.
The thermal reaction rate for isolated and narrow resonances is given [89] by
where N A is Avogadro's number, A is the reduced mass in atomic mass units (amu) given by
with A 1 and A 2 the masses of two interacting particles, 1 and 2, in amu, T 9 = T /(10 9 K) is the temperature in units of 10 9 K. The parameter ω is a statistical factor defined by
where I i is the spin of the particle i, J is the spin of the resonance, and δ 12 is the Kronecker delta necessary to avoid a double counting of identical particles. The quantity γ is defined by
where Γ i and Γ f are the partial widths for the entrance and exit channels, respectively. Γ(E r ) is the total width for a resonance with resonance energy E r , γ ,MeV is the γ factor in units of MeV, and E r,MeV is the resonance energy in units of MeV.
When ω = 1 as in the reactions considered here, and the radiative decay widths of 8 B * X and 9 B * X , Γ γ , are much smaller than those for proton emission (as assumed here), the thermal reaction rate is given by X as a function of radius r for mX = 1000 GeV. Lines are drawn for different nuclear charge distributions as labeled, i.e. Gaussian (dashed lines), WoodsSaxon type with diffuseness parameter a = 0.40 fm (solid lines), and a homogeneous well (dot-dashed lines) .
where Γ γ,MeV = Γ γ /(1 MeV) is the radiative decay width in units of MeV, and C is a rate coefficient determined from A and Γ γ . The rate for a spontaneous emission via an electric dipole (E1) transition is given [90] by
is the effective charge with m i and Z i the mass and the charge number of species i = 1 and 2. E γ is the energy of the emitted photon, I i is the angular momentum of the initial state, M i and M f are magnetic quantum numbers of initial and final states with µ = M i −M f . Ψ i and Ψ f are wave functions of the initial and final states, respectively, and Y 1µ (r) is the dipole spherical surface harmonic. We assume that the nuclear states do not significantly change between 8,9 B * a X and 8,9 B X . For both resonances of 8,9 B * a X , the quantity Γ γ,MeV is estimated to be
is the effective charge with Z B = 5 and Z X = −1 the charge numbers of 8,9 B and the X − , respectively, and τ if ≡ r 2 drψ * f rψ i is the radial matrix element. Figure 5 shows thermonuclear reaction rates for resonant reactions 7 Be X (p, γ) 8 B X (black lines) and 8 Be X (p, γ)
9 B X (purple lines) as a function of T 9 ≡ T /(10 9 K) for the case of m X = 1000 GeV. Thick dashed, solid, and dot-dashed lines correspond to Gaussian type, WS40, and homogeneous type of nuclear charge distributions, respectively. The thin dashed line corresponds to the reaction rate for 7 Be X (p, γ) 8 B X derived by means of a quantum many-body model calculation for m X = ∞ [60] . Since the resonant reaction rate is proportional to the Boltzmann suppression factor of exp(−E r /T ), relatively small differences in resonance energies between different charge distribution cases (Fig. 2) can lead to significant differences in the reaction rates. Tables III and IV show calculated parameters for the resonant reactions 7 Be X (p, γ) 8 B X and 8 Be X (p, γ) 9 B X , for the three model charge distributions and with a fixed mass of m X = 1 TeV. The matrix elements, the resonance energies, the energies of emitted photons, the radiative decay widths of the resonances, the rate coefficients, and the reaction Q-values are listed in the second to seventh columns, respectively. The resonance energy, the dipole photon energy, and the reaction Q-value are given by
respectively, where the quantities E( 7 Be+p) = 0.1375 MeV and E( 8 Be+p) = −0.1851 MeV are binding energies of 8 B and 9 B with respect to the energies of the separation channels, respectively.
Tables V and VI show calculated parameters of the resonant reactions 7 Be X (p, γ) 8 B X and 8 Be X (p, γ) 9 B X , respectively, obtained with the WS40 model for m X = 1, 10, 100, and 1000 GeV. The matrix elements, the resonance energies, the energies of emitted photons, the radiative decay widths of resonances, the rate coefficients, and the reaction Q-values are listed in the second to seventh columns, respectively.
In our BBN calculation, resonant rates for the proton capture reactions are adopted, while the nonresonant rates are taken from Ref. [60] .
7 Be Table VII shows the binding energies of 7 Be X atomic states with main quantum numbers n ranging from one to seven. Since the 7 Be nuclear charge distribution has a finite size, the amplitude of the Coulomb potential at small r is less than that for two point charges. Wave functions at small radii and binding energies of tightly bound states with small n values, therefore, deviate from those of the Bohr model. Binding energies in the Bohr model are given by E
Energy levels
2 , where α is the fine structure constant. On the other hand, the binding energies of loosely bound states with large n values are similar to those of the Bohr model.
2.
7 Be(X − , γ) 7 BeX resonant rate
The resonant rates of the reaction 7 Be(X − , γ) 7 Be X are calculated for m X =1, 10, 100, and 1000 GeV adopting the WS40 model for the nuclear charge distribution. The normalization of the total charge leads to a radius parameter, R = 2.63 fm. Radiative decay widths for E1 transitions are calculated taking into account the change of the E1 effective charge as a function of m X .
In general, the recombination can efficiently proceed via resonant reactions through atomic states 7 A * * a X , composed of a nuclear excited state 7 A * and an X − [56] . In these reactions, the resonances radiatively decay to lower energy states of 7 A * * a X , 7 A * X , 7 A * a X , and 7 A X that have larger binding energies. Once bound states are produced in the reaction, subsequent transitions via radiative decays to lower energy states occur quickly. Finally, the GS 7 A X is produced after atomic states are converted to the atomic GS, and the nuclear excited state 7 A * inside the atomic states is converted to the nuclear GS [56] . GeV, and the 3S, the 3P, and the 3D states for m X = 100 GeV and 1000 GeV. The transitions, the matrix elements, the radiative decay widths of the resonance, and the resonance energies are listed in the second to fifth columns, respectively.
Binding energies of 7 Be * X are taken to be the same as those of 7 Be X . This approximation is justified since the quantum three body model [60] forα+ 3 He+X − showed that the RMS charge radii of 7 Be and 7 Be * differ by only 0.05 fm. For the case of m X = 1 GeV, there is no important resonance of atomic excited states because of the relatively small binding energies of 7 Be X . The most important resonance is then the atomic GS of 7 Be * X (1S), which can decay only into atomic states of the nuclear GS, i.e., 7 Be * a X and 7 Be X . We take the measured rate for the radiative decay of 7 Be * [91] as that for the decay of 7 Be * X (1S) into the GS 7 Be X (1S). This rate is listed although this transition is a magnetic dipole transition and, therefore, relatively weak [91] .
We note that if a final state of the resonance decay is a resonance above the energy threshold of the A + X − separation channel, the final state instantaneously decays into the separation channel. The resonant reaction with the final state is, therefore, not an available path to the GS A X . For example, in the case of m X = 10 GeV, the state of 7 Be * a X (2P) can be produced via the resonance 7 Be * a X (2S) with a resonance energy of E r = 0.103 MeV. However, the 2P state quickly decays into the separation channel before it can radiatively decay to the GS. 7 BeX atomic states with main quantum numbers n = 1-7 (keV). 
where C(l i , l f ) is a constant function of angular momenta l i and l f . The values, c(0, 1) = 4/3, c(1, 0) = 4/9, and c(2, 1) = 8/15, are used in deriving the following rates.
The thermal resonant rate is given by Eq. (11), where in the 7 A+X − recombination (for A=Li or Be) the reduced mass in amu is A = A A A X /(A A + A X ), and the statistical factor is
where l res is the azimuthal quantum number of the resonance, and I(A(3/2 − )) = 3/2 and I(A(1/2 − )) = 1/2 are the spins of the GS and the first nuclear excited state of 7 A, respectively.
The resonant rates via Types 1 and 2 (for m X = 1 GeV) transitions are derived as
exp(−1.02/T 9 ) (for m X = 1 GeV) (21) exp(−1.64/T 9 ) (for m X = 1000 GeV).
The rate for m X = 1 GeV corresponds to the pure nuclear transition from the resonance 7 Be * X (1S) to the GS 7 Be X (1S). The rate for m X = 10 GeV corresponds to the atomic transition from the resonance 7 Be * X * a (2P) to the GS 7 Be * X (1S). The first terms in the rates for m X = 100 and 1000 GeV correspond to the atomic transition from the resonance 7 Be * X * a (3D) to 7 Be * X * a (2P), while the second terms correspond to sums of the atomic transitions from the resonance 7 Be * X * a (2P) to 7 Be * X * a (2S) and 7 Be * X (1S). This calculated rate is compared to the previous rate derived in the limit of infinite m X (Eq. (2.9) of Ref. [56] ) [122] . We take the rate for m X = 1000 GeV for this comparison. Our first term for the transition 3D → 2P is a factor of ∼ 2 higher than that of Ref. [56] . Our second term for the transition 3P → 2S and 1S is roughly the same as that of Ref. [56] .
3.
7 Be(X − , γ) 7 
BeX nonresonant rate
We fitted the function, i.e., N A σv = (a + bT 9 )/T 1/2 9 , to calculated nonresonant rates for the recombination of nuclei and X − particles in the temperature region of T 9 = [10 −3 , 1], and obtained approximate analytical expressions.
With higher CM energy, the frequencies for the oscillations of continuum-state wave functions increases. Thus, it takes more computational time to precisely calculate the radial matrix elements or cross sections at larger energy. In the present study, we derived the cross sections only in the energy range of 10 −5 MeV < E < 1 MeV, and the recombination rates are calculated in the temperature range of T 9 ≤ 1 using the derived cross sections and just setting cross sections for E > 1 MeV to be zero. Since the nucleosynthesis as well as recombinations of 4 He and heavier nuclei with X − proceed after the temperature of the universe decreases down to T 9 < 1, the reaction rates for higher temperatures T 9 > 1 are not necessary in BBN calculations. Considering that at the relevant temperatures, the contribution to the thermal rates from reactions at CM energies greater than the temperature is small, our reaction rates can be safely used in the desired temperature regime.
The nonresonant rate for the reaction 7 Be(X − , γ) 7 Be X is then derived to be
(for m X = 1 GeV) (25)
(for m X = 10 GeV)
4.07 × 10 4 cm 3 mol
(for m X = 100 GeV) (27)
(for m X = 1000 GeV).
Nonresonant cross sections are calculated with RAD-CAP taking into account the multiple components of partial waves for scattering states. We show continuum wave functions at the CM energy E = 0.07 MeV, which is the average energy corresponding to the temperature of the recombination of 7 Be+X − for the case of m X = 1000 GeV, i.e., E = 3T /2 with T ∼ 0.4 × 10 9 K.
The total cross section for the absorption of an unpolarized photon with frequency ν via an E1 transition from a bound state (n, l) to a continuum state (E) is given [93, 94] by
where k = 2µE is the wave number, and
is the radial matrix element for the radius r, and wave functions are normalized as
and asymptotically
at large r, where η is defined by
with a B = 1/(µα) the Bohr radius, σ l is the Coulomb phase shift, and δ l is the phase shift due to the difference in Coulomb potential between cases of the point charge and finite size nuclei [95] . The parameter e 1 is the effective charge as defined in Eq. (16) . We note that the precise cross section [Eq. (29)] includes e 2 1 instead of α which is usually adopted for hydrogen-like normal atoms.
We compare the calculated cross sections with those for the recombination of two point charges. Wave functions of scattering and bound states, and the bound-free absorption cross section in a pure Coulomb field have been derived analytically. The bound and continuum state wave functions are given [93] by
ψ E, l (r) = exp ηπ 2
where 1 F 1 is the regular confluent hypergeometric function.
The cross section for absorption or ionization is analytically given (Eqs. (36) and (37) of Ref. [93] ) by
where the quantity in the curly brackets is unity when l = 1, and
The first and second equations correspond to transitions to the continuum states with angular momenta l − 1 and l + 1, respectively. The parameter ρ is defined ρ ≡ η/n, and the real polynomial G l is given by:
with coefficients
The recombination cross section can be derived using the principle of detailed balance [90, 96] [123]:
where I 1 and I 2 are spins of particles 1 and 2 constituting the bound state, I(n, l) is the spin of the bound state (n, l), and the radiation energy is related to the CM energy and the binding energy by
Thermal recombination rate is derived as a function of temperature T by integrating the calculated cross section σ(E) over energy [Eq. (10)]. The analytical expression for the wave function in the case of a point charge nucleus (Eqs. (31) and (32) of Ref. [93] ) is derived using the confluent hypergeometric function calculated with algorithm 707 of Ref. [97] . Figure 6 shows bound-state wave functions (upper panel) and continuum wave functions (middle panel) at E = 0.07 MeV for the 7 Be+X − system as a function of radius r for the case of m X = 1 GeV. Solid lines correspond to calculated wave functions while the dotted lines correspond to the analytical formula for hydrogenlike atomic states composed of two point charges [Eqs. (34) and (35)]. In the upper panel, wave functions for the GS (1S state), 2S, 2P, 3P, 3D, and 4F states are plotted. Here, one can see that the wave functions for the GS and 2S state in the finite charge distribution case (solid lines) deviate from those of the point charge case (dotted lines). The wave functions of other states agree with those for the point charge case. The scattering wave functions for the s-, p-, d-, and f -waves are plotted in the middle panel. Note, that the normalization for the amplitude of the wave function adopted in RADCAP is different from that in Ref. [93] . Hence, the latter wave functions are normalized to satisfy the former normalization. In addition, wave functions derived with RADCAP are multiplied by exp(iθ), where θ are arbitrary real constants, and then transformed into real numbers. Only the wave function of the l = 0 state for the finite charge distribution case (solid lines) deviates from that of the point charge case (dotted lines).
The bottom panel shows the recombination cross section as a function of the energy E. Solid lines correspond to the calculated results, while the dotted lines correspond to the analytical solution for the two point charges [Eqs. (36) , (37) , and (41)]. Partial cross sections for the following transitions are drawn: scattering p-wave → bound 1S state (black lines); p-wave → 2S (red); swave → 2P (green); d-wave → 2P (blue); s-wave → 3P (gray); d-wave → 3P (sky blue); p-wave → 3D (orange); f -wave → 3D (cyan); d-wave → 4F (violet); and g-wave → 4F (magenta). Since the mass m X is relatively small, the reduced mass is small, and the spatial extent of the bound-state wave functions is large. The effect of a finite size charge distribution is only important for a small r and is, therefore, small. Small differences in bound and scattering state wave functions lead to small changes in the cross sections through differences in the binding energies and wave function shapes. The largest differences in the cross sections are found for the two transitions starting from an initial s-wave, i.e., s-wave → 2P and swave → 3P. This is caused by differences in the scattering s-wave function. Figure 7 shows bound state wave functions (upper panel) and continuum wave functions (middle panel) at E = 0.07 MeV of the 7 Be+X − system as a function of radius r for the case of m X = 10 GeV. Line types indicate the same quantities as in Fig. 6 . In the upper panel, the wave functions for the GS and 2S state in the finite charge distribution case (solid lines) deviate significantly from those for the point-charge case (dotted lines). Also, the wave functions for the 2P and 3P states deviate slightly. In the middle panel, the difference in the wave function for the l = 0 state is very large. A difference in the l = 1 state exists although it is not large. The bottom panel shows the recombination cross section as a function of energy E. Line types indicate the same quantities as in Fig. 6 . Because of the larger m X value, the effect of a finite-size charge distribution is more important. Boundand scattering-state wave functions, and recombination cross sections are then significantly different from those for the point charge case. Because of the large difference in the scattering s-wave function, the cross sections for transitions from an initial s-wave, i.e., s-wave → 2P and s-wave → 3P are much smaller than those in the point charge case. Partial cross sections for transitions from an initial p-wave to bound 1S, 2S and 3D states are also altered by the finite-size charge distribution. The cross sections for transitions to 1S and 2S states are also affected by differences in binding energies of the states between the finite-and point-charge cases. Figure 8 shows bound-state wave functions (upper panel) and continuum wave functions (middle panel) at E = 0.07 MeV for the 7 Be+X − system as a function of radius r for the case of m X = 100 GeV. Line types indicate the same quantities as in Fig. 6 . It is clear from a comparison of Figs. 6, 7, and 8 that deviations of the wave functions from those in the point charge cases become larger as m X increases. We can see that deviations of wave functions for bound GS, 2S, 2P and 3P states and scattering wave functions of l = 0 and l = 1 states are very large, and that a deviation exists for the l = 1 state exist, but it is not large. The bottom panel shows the recombination cross section as a function of the energy E. Line types indicate the same quantities as in Fig. 6 . Differences in the solid and dotted lines are even larger than in the case of m X = 10 GeV (Fig. 7) . is rather similar to Fig. 8 . In order to check our calculations, we also calculate the wave functions and the cross sections for case of point-charge nuclei using the same code (a modified version of RADCAP) as used for the finite charge distribution case. Thin solid lines in the upper and middle panels show that the calculated results agree with analytical solutions (dotted lines) quite well.
We found an important characteristic of the 7 Be+X − recombination based upon our precise calculation includ- ing many transition channels: In the limit of a heavy X − particle, i.e., m X > ∼ 100 GeV, the most important transition in the recombination is the d-wave → 2P. This fact does not hold in the case of the point charge model. In that case the transition p-wave → 1S is predominant (see dotted lines in Figs. 6-9 ). In the case of a finite size charge distribution, in addition to the main pathway of d-wave → 2P, cross sections for the transitions f -wave → 3D and d-wave → 3P are also larger than that for the GS formation. It is thus found that estimations of recombination cross sections taking into account only the GS as the final state may not be correct. We note that our rate for m X = 1000 GeV is more than 6 times larger than the previous rate [56] . We confirmed that the previous rate [56] is somewhat close to our rate when only taking into account the transition from the scattering p-wave to the bound 1S and 2S states. In Ref. [56] , it is described that the capture of 7 Be directly to the GS of 7 Be X has the largest cross section, closely followed by the capture to the 2S level. This is true for hydrogenlike ions composed of point charged particles. However, we found that the most important transition is from the scattering d-wave to the bound 2P state. The previous rate [56] was adopted in most previous studies on BBN involving the X − particle, including studies by part of the present authors [57, 58, 69] . The nonresonant recombination rate is important for the 7 Be destruction and also for a constraint on the parameter region for solving the Li problem. The significant improvement in the rate found in the present work, therefore, makes it possible to derive an improved constraint on the X − particle as shown in Sec. VIII.
B.
7 Li Table IX shows binding energies for the 7 Li X atomic states having main quantum numbers n from one to seven.
Energy levels

2.
7 Li(X − , γ) 7 LiX resonant rate
The resonant rates of the reaction 7 Li(X − , γ) 7 Li X were calculated for m X =1, 10, 100, and 1000 GeV in the WS40 model. The radius parameter for the WS40 model is R = 2.48 fm. 7 Li * X * a satisfy E B < ∼ 0.47761 MeV. We take into account atomic resonances with binding energies of 0.28 MeV ≤ E B ≤ 0.48 MeV except for the atomic GS for the case of m X = 1 GeV. The transitions, the matrix elements, the radiative decay widths of the resonances, and the resonance energies are listed in the second to fifth columns, respectively. For the case of m X = 1 GeV, there are no important resonances of atomic excited states because of the relatively small binding energies of 7 Li X . The most important resonance in the recombination reaction is then the atomic GS of 7 Li * X (1S), which can only decay into atomic states of the nuclear GS, i.e., 7 Li * a X and 7 Li X . We take the measured rate for the radiative decay of 7 Li * [91] for the decay of 7 Li * X (1S) into the GS 7 Li X (1S).
The resonant rates for the reaction 7 Li(X − , γ) 7 Li X via Types 1 and 2 (only for m X = 1 GeV) transitions are derived to be
exp(−3.24/T 9 ) (for m X = 1 GeV) (42)
exp(−1.44/T 9 ) (for m X = 100 GeV) (43)
exp(−1.22/T 9 ) (for m X = 1000 GeV).
The rate for m X = 1 GeV corresponds to a pure nuclear transition from the resonance 7 Li * X (1S) to the GS 7 Li X (1S) (magnetic dipole transition [91] ). The rate for m X = 10 GeV is zero since there are no important resonances operating as a path for the recombination reaction. The rates for m X = 100 and 1000 GeV correspond to the atomic transition from the resonance 7 Li * X * a (2P) to 7 Li * X (1S).
3.
7 Li(X − , γ) 7 LiX nonresonant rate
The thermal nonresonant rate for the reaction 7 Li(X − , γ) 7 Li X was derived as a function of temperature T by integrating the calculated cross section σ(E) over energy [Eq. (10) ]. The derived rates are 7 LiX atomic states with main quantum numbers n = 1-7 (keV). 
(for m X = 10 GeV) (46)
(for m X = 100 GeV) (47)
(48) Figure 10 shows bound-state wave functions (upper panel) and continuum wave functions (middle panel) at E = 0.07 MeV as a function of radius r for the 7 Li+X − system with m X = 1 GeV. Also shown is the recombination cross section as a function of the energy E (bottom panel). Line types indicate the same quantities as in Fig.  6 . In general, the trends of calculated results are similar to those of the 7 Be+X − system (Fig. 6) . However, the Coulomb potential in the 7 Li+X − system is smaller than that in the 7 Be+X − system. Therefore, the spatial widths of wave functions in the former system are larger. The effect of the finite size of the charge distribution as shown by differences between the solid and dotted lines is then somewhat smaller in the 7 Li+X − system than in the 7 Be+X − system. Figures 11, 12 , and 13 show bound-state wave functions (upper panel) and continuum wave functions (middle panel) at E = 0.07 MeV as a function of radius r for the 7 Li+X − system in the case of m X = 10 GeV, 100 GeV, and 1000 GeV, respectively. Also shown is the recombination cross section as a function of the energy E (bottom panel). Line types indicate the same quantities as in Fig. 6 . Similar to the case of the 7 Be+X − system, larger m X values lead to larger differences in both the wave functions and the recombination cross sections between the finite-size charge and point-charge cases. We also find that this 7 Li+X − system has the important characteristic that the transition d-wave → 2P is the most important for m X > ∼ 100 GeV.
C. 9 Be Table XI shows the binding energies of 9 Be X atomic states that have main quantum numbers n from one to seven.
Energy levels
2.
9 Be(X − , γ) 9 BeX nonresonant rate
The nonresonant reaction rates for 9 Be(X − , γ) 9 Be X were also calculated for m X =1, 10, 100, and 1000 GeV in the WS40 model. The radius parameter for the WS40 model is R = 2.59 fm.
In the estimation of recombination rate for 9 Be, the resonant reactions involving atomic states and nuclear 9 BeX atomic states with main quantum numbers n = 1-7 (keV). excited states for 9 Be * were neglected since even the first nuclear excited state has a large excitation energy of 1.684 MeV. We therefore only calculated the nonresonant rate.
The thermal nonresonant rate was derived as a function of temperature T by integrating the calculated cross section σ(E) over energy [Eq. (10) ]. It is then
(for m X = 1 GeV)
3.89 × 10 4 cm 3 mol
2.32 × 10 4 cm 3 mol
2.14 × 10 4 cm 3 mol (Fig. 6 ). values lead to larger differences in wave functions and recombination cross sections between the finite-size charge and point-charge cases. We also find that the transition, d-wave → 2P, is most important for m X > ∼ 100 GeV in this 9 Be+X − system. 
D.
4 He 
Energy levels
2.
4 He(X − , γ) 4 HeX nonresonant rate
The nonresonant rates of the reaction 4 He(X − , γ)
4 He X were calculated for m X =1, 10, 100, and 1000 GeV using the WS40 model. For this case, the radius parameter is R = late only the nonresonant rate.
The thermal nonresonant rates were derived as a function of temperature T by integrating the calculated cross section σ(E) over energy [Eq. (10) ]. The resultant rates are 
(for m X = 1 GeV) (53)
(for m X = 10 GeV) (54)
(for m X = 100 GeV) (55)
(for m X = 1000 GeV). He+X − system is small, the wave functions are more extended spatially. Therefore, the effect of the finite-size charge distribution is small as evidenced by the fact that the solid and dotted lines almost overlap in this figure. the 4 He+X − system in the case of m X = 10 GeV, 100 GeV, and 1000 GeV, respectively. The recombination cross section is also shown as a function of the energy E (bottom panel). Line types indicate the same quantities as in Fig. 6 . It is apparent that larger m X values lead to larger differences in the wave functions and recombination cross sections due to a finite-size vs. a point charge distribution. However, because of the small amplitude of the Coulomb potential, the effect of the finite-size nuclear charge does not significantly affect the wave functions and cross sections. As a result, even in the case of heavy X − particles (m X > ∼ 100 GeV), the dominant transition contributing to the recombination is the p-wave → 1S, similarly to the case of the Coulomb potential for point charges. 
E. Other X-nuclei
As seen in the Secs. V A-V D, realistic wave functions and recombination cross sections for X-nuclei can be significantly different from those derived using two point charged particles. Hence, the recombination rates based upon the Bohr atomic model that were utilized in the previous studies (e.g., [50, 51, 53, 57, 58] ) should be con- sidered uncertain by as much as one order of magnitude. Although precise recombination rates for minor nuclei are not derived yet, we assume that the Bohr atom formula [98] for the minor nuclei is sufficient. We adopt cross sections in the limit that the CM kinetic energy, E, is much smaller than the binding energy, E B . This is justified since the condition, E = µv 2 /2 = 3T /2 ≪ E B with v the relative velocity of a nucleus A and X − , always holds when the bound state formation is more efficient than its destruction. The cross sections sections are thus given by
3e 4 where e = 2.718 is the base of the natural logarithm. The thermal reaction rate is then given by
where Q 9 = Q/MeV is the Q-value in units of MeV, and we defined a rate coefficient C 1 = 1.37 × 10 4 (e 1 /e) 2 Q 9 /A 5/2 . The Q-value for the recombination is equal to the binding energy of the X-nucleus E B .
The thermal rate for reverse reaction is related to that for the forward reaction through the reciprocity theorem. Using the relation between the reverse rate C + D and the forward rate A + B [89, 99] , the reverse rate coefficient is defined for a non-radiative reaction A(B, C)D by
where g i = 2I i + 1 accounts for the spin degrees of freedom with I i the nuclear spin of species i. For a radiative reaction A(B, γ)C, on the other hand, the reverse rate coefficient is given by
where n γ = 2ζ(3)T 3 /π 2 is the number density of photon with ζ(3) = 1.202 the Riemann zeta function of 3. Table XIII shows approximate recombination rates for nuclei which are not treated in Sec. V. The second and third columns correspond to the rate coefficients C 1 and reverse rate coefficients C r , respectively [Eqs. (58) and (60)], for the case of m X = 1 GeV. The C 1 and C r values for m X = 10, 100, and 1000 GeV are listed in fourth to ninth columns.
VI.
9 Be PRODUCTION FROM 7 Li
We suggest the possibility of a significant production of 9 Be catalyzed by the negatively charged X − particle through the deuteron transfer reaction
Be. This reaction rate depends on both resonant and nonresonant components. Since a realistic theoretical estimate of the rate for this reaction is not currently available, we adopt a simple ansatz that the astrophysical S factor for the reaction can be taken from the existing data for 7 Li(d, nα) 4 He, i.e, S = 30 MeV b [100] . We note that the cross section values for Realistic theoretical estimates of the nonresonant cross section for 7 Li X (d, X − ) 9 Be would be difficult [102] . Since the structure of the 9 Be nucleus is approximately described as α + α + n, there is no existing study on the probability that the 9 Be nucleus is described as 7 Li+d bound states. In addition experiments on the low energy nuclear scattering of 7 Li+d are needed to construct the imaginary potential for 7 Li+d elastic scattering in the quantum mechanical calculations. Hence, the cross section for 7 Li X (d, X − ) 9 Be assumed in this study is probably uncertain by as much as an order of magnitude, and could be much smaller.
VII. β-DECAY AND NONRESONANT NUCLEAR REACTIONS
Mass excesses of X-nuclei, and Q-values for possible reactions associated with the X − particle were calculated using the binding energies of X-nuclei derived in Sec. III. The β-decay rates of X-nuclei (A X ), Γ βX , are estimated using experimental values for normal nuclei (A), Γ β , taking into account the momentum phase space factor related to the reaction Q-value. The adopted rates are then given by Γ βX = Γ β (Q X /Q) 5 , where Q X and Q are Q-values for the β-decay of A X and A, respectively. The decay rate Γ β is related to the half life T 1/2 , i.e Γ β = ln 2/T 1/2 . An exception to this is the β-decay rate of 6 Be X . In this case the β-decay rate is estimated from that of 6 He assuming an approximate isospin symmetry. Adopted data values are as follows: 1) Q = 3.508 MeV and Γ β = 0. Table XIV shows the adopted β-decay rates for Xnuclei. The second and third columns correspond to the Q-value and the decay rate Γ βX , respectively, for the case of m X = 1 GeV. The Q and Γ βX values for m X = 10, 100, and 1000 GeV are listed in the fourth to ninth columns.
For nonresonant thermonuclear reaction rates between two charged nuclei, the astrophysical S-factors for Xnuclear reactions are taken to be as the same as those for the corresponding normal nuclear reactions [100, 104] .
However changes in the reduced mass and charge numbers are corrected exactly the same as in Ref. [58] . For the reactions 6 Li X (p,
Li, and 4 He X ( 3 He, X − ) 7 Be, the cross sections have been calculated in a quantum mechanical model [55, 60] . We, therefore, take those astrophysical S-factors from the published results, corrected for changes in the reduced mass. Since both forward and reverse reaction rates depend upon m X , they are different from the reaction rates estimated under the assumption of m X → ∞ which have been already published [58] .
For reactions between a neutron and X-nuclei and also those between nuclei and neutral X-nuclei, Coulomb repulsion does not exist. The reactions have, however, already been found to be unimportant within the parameter region for which the predicted light element abundances are consistent with observational constraints [69] . We, therefore, utilize the same rates as assumed in Ref. [58] for the neutron induced non-radiative reactions, and those published in Ref. [60] for reactions of neutral Xnuclei. Table XV shows parameters of nuclear reaction rates for X-nuclei. The second and third columns correspond to the reverse rate coefficient C r [Eqs. (59) and (60)] and the Q 9 -value, respectively, for the case of m X = 1 GeV. The C r and Q 9 values for m X = 10, 100, and 1000 GeV are listed in fourth to ninth columns. Since the baryon density is low in the early universe, the rates for three-body reactions are small. Therefore, the reverse reactions of 6 Li X (p, 3 He α)X − and 7 Be X (n, p 7 Li)X − are neglected in our calculation, and the reverse rate coefficients are not shown in this table.
Although the Q-value for the 8 Be X (p, γ) 9 B X reaction is negative in the case of m X = 1 GeV, its rate is estimated by considering only the reduced mass factor. Since the |Q| value is very small, it can be regarded as effectively zero in the relevant temperature range. We utilized a modified [58, 69] version of the Kawano reaction network code [104, 105] to calculate nucleosynthesis for four different X − particle masses, m X . The nuclear charge distribution was assumed to be given by the WS40 model. The free X = 0 and Ψ a n f l f m f | Ψ a nilimi =0 if both the nuclear and atomic states change in the reaction. This E1 matrix element is thus found to be zero.
3. E1 rate enhanced by a heavy X − particle
Contrary to the approximate estimation described above, the E1 transition rate is not expected to vanish, although it is hindered compared to the E1 rate for allowed nuclear transitions. This is because particles can have charge distributions of finite size. In the present case, α and 3 He have a finite charge distribution. We explain this effect by comparing the electronic ion, 7 Be 3+ , and the exotic ion of the massive X − particle, 7 Be X . Average radii of electronic ions composed of an electron and light nuclei are ∼ O(10 −8 cm) while the average radii of nuclear wave functions for light nuclei are ∼ O(10 −13 cm). Since the two radius scales are different from each other by a large factor, the atomic and nuclear wave functions can be separately considered for the following reason: 1) nuclear wave functions are not affected by the existence of the electrons which are far away from the nuclei; and 2) atomic wave functions are not affected by the nuclear charge distribution since the Coulomb potential between an electron and the nucleus does not depend on the nuclear charge distribution except at very small atomic radii r ′ comparable to the nuclear charge radius.
When the mass of the X − is larger than ∼ 1 GeV, however, the average radii of 7 Be X atomic states approach O(1 fm). This is roughly the same order of magnitude as the charge radius of the 7 Be nucleus. At large nuclear radii, therefore, effects of the Coulomb forces by the X − particle are not completely negligible in nuclear wave functions. Nuclear wave functions then depend not only on the nuclear radii but also on atomic radii. In addition, at small atomic radii the effects of the finite nuclear charge distribution reflecting a nuclear cluster structure are not completely negligible in atomic wave functions. Atomic wave functions then depend not only on atomic radii but also on nuclear radii. Therefore, nuclear and atomic wave functions are not strictly orthogonal, and the E1 matrix element is finite.
It is physically interesting that rates for E1 transitions simultaneously changing nuclear and atomic states can be larger if the X − particle is heavier. The rates are expected to be large for not only the hypothetical X − particle predicted in beyond the standard model physics, but also known negatively charged heavy particles such as µ − , π − ,p − , and so on. For example, ordinary and radiative muon captures on a proton, in which the latter just corresponds to the recombination process in this work, were performed in TRIUMF [115] , but the theoretical interpretation is still under discussions [116] .
In addition to the pure Coulomb force, spin-dependent interactions can exist between an X − particle and nuclear clusters if the X − particle has a spin. In this paper, we assumed a spinless X − particle. In general, however, spin dependent interactions can mix states of A + X − and A * + X − so that the overlap integrals can be nonzero [102] .
